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Abstract 

 

According to the chattering problems of traditional sliding mode index exponential reaching law, this paper 

proposes a fractional order sliding mode index exponential reaching law control strategy, which is applied to the 

quad-rotor helicopter attitude control. Combined the theory of fractional order calculus and sliding mode variable 

structure control theory, the fractional order sliding mode controller is designed. The method of  lyapunov anal-

ysis proves that this controller can make the system asymptotically stable. Simulation and experiments show that 

the proposed fractional order sliding mode control system not only undermines the chattering of traditional sliding 

mode exponential reaching law but also reduces the adjusting time and control margin of the system. 
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I. Introduction 

 

With the continuous development of aerospace technology, quad-rotor helicopter are largely applied on military 

and civilian[ 1-3]. At present, quadrotor helicopters are being widely used in agriculture to realize accurate agri-

cultural production. Obtaining timely, effective and accurate farmland land and environmental information is the 

key to accurate agricultural production. Signal acquisition of farmland information by quadrotor helicopters can 

obtain large-scale farms and farmland land and environmental information, which facilitates the formulation of 

variable operations in the field and subsequent field management arrangements. 

 

Quad-rotor helicopter control system itself has characteristics as multi-variable, nonlinear, higher order, strong 

coupling and more sensitive to interference, and  in the entire field of control engineering, it is a relatively complex 

control object. Attitude control of quad-rotor helicopter is the key in the flight controls. At present, quad-rotor 

helicopter flight control have a lot of control algorithms, such as classic  PID algorithm, fuzzy algorithms, neural 

algorithm, adaptive algorithm and sliding mode etc [4-7]. Variable structure control system have steady-state 

invariance to the perturbations and external disturbances, but whose own chattering, and most of integer order 

control limited its  development [8-10]. In recent years, the fractional order variable structure control is increas-

ingly used in the theory of variable structure control system and achieved some research results [11-13]. For the 

chattering of traditional integer order sliding controller, a fuzzy sliding mode controller based on fractional order is 

introduced[14], which objects permanent magnet synchronous motor . In order to make flexible spacecraft with a 

fast track and robustness, a fractional order sliding mode controller is proposed [15]. To the attitude control of   

flying wing UAV on interference, sliding surface is  designed [16], reducing the overshoot ordinary integral sliding 

surface. 

 

The paper proposes a fractional order sliding mode reaching law based on the traditional sliding mode reaching 

law, which combines fractional calculus and variable structure control, uses lyapunov analysis, proves the con-

vergence of the fractional sliding mode reaching law. To the quad-rotor helicopter attitude control models, a 

fractional sliding mode controller is designed. The simulation demonstrate the effectiveness of the control strategy 

based on the object of quad-rotor helicopter attitude control model. 
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II.Three degrees freedom of quad-rotor helicopter system modeling 

 

This paper objects three degrees freedom of quad-rotor helicopter on independent research in Zhou Kou Normal 

College, study quad-rotor helicopter attitude control that consists of four rotor helicopter body and control system. 

Among the system, four propellers were cross structure, divided into two groups between left or right and front or 

back. 

 

2.1 Dynamic Model 

 

Ignoring the impact on the atmosphere propeller, the gyroscopic effect and the friction between the bearings, the 

force of the system is shown in Fig 1, rlbf VVVV ,,,  acting on the front, rear, left, and right propellers voltage to 

the motor respectively, defining the Y axis as the pitch axis of the body, the X axis as the roll axis, the Z axis as the 

yaw axis. Front and rear propeller control the pitch angle, left and right propeller control the roll angle, four pro-

pellers control the yaw angle. 

 
Fig 1:  Dynamics of 3 DOF Hovering System 

 

Suppose the roll angle as zero, the lift front and rear propeller pitch angle generated control pitch angle torque, 

equations of motion for the pitch angle can be obtained. 

 

( )p f bJ p F F l= −&&
                                                               

 (1) 

fbfbf KVVFF )( −=−
                                                      

(2) 

 

By equation (1), (2) to the availability of equation (3): 

( )
f
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J
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(3) 

 

Where
fF ,

bF  as the lift generated by the front and rear propeller,
fV ,

bV as the motor voltage of the front and rear 

propeller, pJ as the moment inertia of pitch axis, l as the distance from the center between the pitch axis and the 

propeller shaft, p as the pitch axis, fK as the lift coefficient. 

 

Similar to the pitch angle, the equation of motion for the roll angle: 

( )
f

r l

r

K
r V V l

J
= −&&                                                             (4) 

Where
rV ,

lV as the motor voltage of the left and right propeller, r as the roll angle, 
rJ as the moment inertia of the 

roll axis. 
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When front, rear, left, right four propellers rotate, the torque will be generated respectively as fT ,
bT ,

lT ,
rT ,the 

equation of motion for the yaw angle: 

rlbfy TTTTTyJ +++==                                                              (5) 

)()( ,, lrntbfcty VVKVVKTyJ +++==                                                   (6) 

      

, ,
( ) ( )

t c t n

f b r l

y y

K K
y V V V V

J J
= + + +&&

                                              

(7) 

Where yJ as the moment inertia of the yaw axis, y as the yaw angle,
,t cK as the counterclock-

wise torque,
,t nK as the clockwise torque, and ntct KK ,, −= . 

 

2.2 State space equation 

 

By equation (2), (3) ,(6) to the availability of equation (8),the state space equation of the three freedom degrees to 

four-rotor hover system: 

x Ax Bu

y Cx Du

= +


= +

&

                                                                          

 (8) 

Where  rpyrpyxT  ,,,,,= as the state vector,  lrbf

T VVVVu ,,,= as the control input,  rpyyT ,,= as 

the measuring input, DCBA ,,,  as the coefficient matrix. In which 
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The state space model shows that the system is a linear system of four input- three output. 

 

III.  Fractional Sliding Mode Controller 

 

3.1 Fractional Calculus 

 

Fractional calculus mainly study on the differential any order and integral operators characteristics and application. 

compared with the integer order calculus, fractional differential process and the integration process have more 

flexibility. With the development of computer technology, fractional calculus have been widely used in industrial 

processes, becoming a branch of the field of control engineering. 
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 Usually, fractional calculus expressed as the following:
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Where
a

tD as calculus operators, as calculus higher limit, t as calculus lower limit, when 0 , 
a

tD as 

fractional differential, when 0 , as fractional integral. 

 

This paper applies the Caputo fractional calculus which is applied commonly in the control field[17-18 ]: 
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Where )(• as gamma function, and mm − 1 . 

 

3.2 Controller Design 

 

 Structuring fractional exponential reaching law as follows: 

ksssigns −−= )()( 

                                                              （9） 

As it is can be seen from (9), fractional sliding exponential reaching law has one more adjustable parameter than 

the integer order sliding mode reaching law, the parameter attributes of the system can be continuously changed. 

Where s  as sliding surface, 10  , 0 , 0k . 

 

The following equation can be obtained from the equation (9): 

))((1 ksssignDs +−= − 
                                                          (10)

 

Select sliding surface s as: 

Cxs =                                                                                  (11) 

Where 
nmRC  , C is determined by using the pole assignment method, to be of the form:  

xCs =                                                                             (12) 

Consider it in the system:    

BuAxx +=                                                                     (13) 

where 
mnnn RBRA   ,

. 

The following equation can be obtained from the equation (12) and (13): 

)( BuAxCs +=
                                                                     (14) 

Then, the sliding mode variable structure control law is: 

))(()(
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(15) 

Where  ,,k  is three adjustable parameters. One more adjustable parameter is appeared by using traditional 

exponential reaching law designed controller, so the control object can be more flexible controlled by the con-

troller. 

 

3.3 Stability Analysis 

 

Select Lyapunov function as follows:  
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ssv =
2

1
                                                                                    (16) 

The equation (16) is transformed as follows: 

)])(([ 1 ksssignDsssv +−== −                                               (17) 

In document [15], there is 

 )()))((( 1 ssignssignDsign  −=−−
                                             (18) 

so the following equation can be obtained from the equation (17) and (18):  

k
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                               （19)
 

As we can see from the equation (19): 

When ,0,0  k then 0)( vsign  ,the result 0v is inferred, it means that the system  is asymptotic stability. 

 

IV. Simulation Results 

 

Against the quad-rotor helicopter control object, it is expected the settling time of sliding mode structure control 

from the initial state  0 10,4, 4,2,2,1x = − to origin less than 2 seconds.  

 

System parameters for the quad-rotor helicopter: VmNK nt /0036.0, =
,
 VmNK ct /0036.0, −= ,  

VNK f /1188.0= ,  ml 197.0= , 
2110.0 mkgJ y = , 

20552.0 mkgJJ rp == . 

 

The three degrees of freedom for the quad-rotor helicopter model: 
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According to performance requirements, select the set of poles as 5, 5, 5− − − . 

 The nominal equations of the system as follows: ( )1 11 12 1x A A K x= −&
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By using the pole assignment method, choose K to 

make
11 12A A K− characteristic root as desirable characteristic root. 

 

 Then parameter matrix of the sliding variable structure:  

5 0 0 0 01

0 5 0 0 01

0 0 5 0 0 1

mC K I

 
 

= =  
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In which 01.0= , 9.0= , 1=k . 
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Compared the fractional sliding exponential reaching law with the traditional sliding exponential reaching law 

about the mode control methods, the simulation results are shown in Figs 2, 3, 4, and 5 , Fig 2 is the states re-

sponses for the traditional exponential reaching law, Fig 3 is the states responses for the fractional order sliding 

mode index exponential reaching law, Fig 4 is the responses of the controller for the traditional exponential 

reaching law, Fig 5 is the responses of the controller for the fractional order sliding mode index exponential 

reaching law, from Figs  2, 3, 4, and 5 it can be seen, the states of the systems converge to a small region of  the origin,  

and the chattering is reduced,  and amplitude of control law is decreased effectively by using  the fractional order 

sliding mode index exponential reaching law. 
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Fig 2:  The states responses for the traditional exponential reaching law 
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Fig 3: The states responses for the fractional order sliding mode index exponential reaching law 
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Fig 4: The responses of the controller for the traditional exponential reaching law   
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Fig 5: The responses of the controller for the fractional order sliding mode index exponential reaching law 

 

V. Conclusion 

 

This paper objects three degrees freedom of quad-rotor helicopter on independent research in Zhou Kou Normal 

College, design the controller based on fractional order sliding mode exponential reaching law  against  the attitude 

control on the subject. Appling this controller, the chattering is reduced by traditional sliding exponential reaching 

law control   method, the adjusting time and amplitude control of the system are also reduced, improving dynamic 

performance of the quad-motor helicopter. The simulation results show the control strategy is effective. 

 

Acknowledgements 

 

This research was supported by National Natural Science Foundation of China Youth Fund Project (Grant No. 

52001340).and Science and Technology Project of Henan Province (Grant No. 172102210609, 212102210246). 

 

References 

 

[1] H. P. LIU, C. J. LONG, B. HU, K.D. WANG, H.B. PAN, ” Designing an Unmanned Multi-rotor Spray 

Aircraft,” Journal of Huazhong Agricultural University, vol.35, no.3, pp.140-144, 2016. 

[2] L. JIN, Y. RU, ” Research on UAV-based Aerial Electrostatic Spraying System,” Journal of 

Agricultural Mechanization Research, vol., no.3, pp.227-230, 2016. 

[3] Q. LIU, Z. Z. HUANG, S. LI, ”Research on Power Load Forecasting Based on Support Vector 

Machine,” J Balk Tribol Assoc, vol.22, no.1, pp.78, 2016. 

[4] L. ZHANG, H. LI, ”Attitude Control of Four -Ｒotor Aircraft via Fuzzy PID,” Computer Simulation, 

vol.31, no.8, pp.73-77, 2014. 

[5] S. SPINU, ” A Robust Algorithm to Compute Residual Stresses in Elastic–Plastic Contacts,” J Balk 

Tribol Assoc, vol.20, no.1, pp.63, 2014. 

[6]  J. S. LI, L. B. SONG, G.Q. YAN, ” Control for Small Unmanned Four-rotor Based on Adaptive 

Inverse Control,” Journal of Shanghai Jiaotong University, vol.46 , no.6, pp.965-961, 2012. 

[7] J. DAVILA, A. MONSIVAIS, A  MOSQUEDA, ”High-Order Sliding Modes Based Linearization: 

An Application to Roll Autopilot,” Springer International Publishing, vol.25, no., pp.273,2015. 

[8] Y. YOU, W.X. LI, ”Design of Quadrotor UAV and Its Sliding Mode Control Simulation,”  Modern 

Electronics Technique, vol., no.15, pp.80-83, 2015. 

[9] K. AN, F. F. WANG, ”Sliding Mode Variable Structure Control for Flexible Joint of Single 

Connecting-rod Mechanical Ar,” Modern Electronics Technique, vol., no.2, pp.4-8, 2016. 

[10] J. K. LIU, L. J. ER, ”Sliding Mode Controller Design for Position and Speed Control of Flight 

Simulator Servo System with Large Friction,” Systems Engineering and Electronics, vol.14, no.3, pp. 

59-62, 2003. 

[11] I. PODLUBNY, ”Fractional-order System and 
DPI  Controllers,”  IEEE Transactions on Automatic 



CONVERTER MAGAZINE 

Volume 2021, No. 1 

 

 
ISSN: 0010-8189 

© CONVERTER 2020 

www.converter-magazine.info 

72 

 

Control, vol.44, no.1, pp.208-214, 1999. 

[12] Y. LUO, Y. Q. CHEN, ”Fractional Order Proportional Derivative Controller for a Class of Fractional 

Order Systems,”  Automatica, vol.45, no.10, pp.2446-2450, 2009. 

[13] X. Y. WANG, X. P. ZHANG, C. MA, ”Modified Projective Synchronization of Fractional-order 

Chaotic Systems via Active Sliding Mode Control,” Nonlinear Dynamics, vol.69, no.1-2, pp.511-517, 

2012. 

[14] B. T. ZHANG, Y. G. PI, ”Fractional Order Sliding-mode Control for Permanent Magnet Synchronous 

Motor,”  Control Theory & Applications, vol.29, no.9, pp.1193-1197, 2012. 

[15]  L. W. DENG, S. M. SONG, ”Flexible Spacecraft Attitude Robust Tracking Control Based on 

Fractional Order Sliding Mode, ” Acta Aeronautica et Astronautica Sinica, vol.34, no.8, 

pp.1915-1923, 2013. 

[16] J. TAN, Z. ZHOU, X. P. ZHU, Y. ZHANG, ”Attitude Control for Flying Wing Unmanned Aerial 

Vehicles Based on Fractional Order Integral Slidinag-mode,” Control Theory & Applications, vol.32, 

no.5, pp.607-614, 2015. 

[17] M. O. EFE,”Fractional Fuzzy Adaptive Sliding-mode Control of a 2-DOF Direct-drive Robot Arm,” 

IEEE Transactions on Systems, Man, and Cybernetics, Part B: Cybernetics, vol.38, no.6, pp. 

1561-1570, 2008. 

[18] H. DELAVARI, D. BALEANU, J. SADATI, ”Stability analysis of Caputo fractional-order nonlinear 

systems revisited,”  Nonlinear Dynamics, vol.67, no.4, pp.2433-2439, 2012. 


